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Abstract
In this study, neural network (NN) and curve fitting modeling of fluid flow characteristics of the magnetohy-
drodynamic (MHD) Stokes flow in a lid-driven cavity are utilized. Firstly, the MHD Stokes flow equations are
numerically solved by the method of approximate particular solution for the variations of Hartmann number
M 2 ½1; 120� and the inclination angle a 2 ½0;p�. The essential data for modeling are extracted from the numerical
results. The inputs are M and a, and the outputs are the infinity norm of stream function w, v velocity component,
vorticity x and the minimum value of u velocity. In modeling of these outputs, the distinct curve fitting functions
are examined. NN is employed for different layer numbers and data partitions. It is obtained that the increase in
the number of the hidden layers gives less error and locally weighted quadratic regression fit captures the best
behavior in curve fitting. The usage of modeling allows us to be independent from the repeated numerical
calculations. The capability of trilayer NN for modeling w; u; v;x in the entire region is also shown.

Keywords MHD � Stokes flow � Neural networks � Curve fitting

1 Introduction

Stokes flow problem is a special case of Navier–Stokes flow problem by neglecting the inertia terms due to the
high viscosity of the flow. Many researchers solved the different forms of Stokes flow equations as a benchmark
problem. Eldo et al. [1] implemented the dual reciprocity boundary element method (DRBEM) to steady Stokes
flow equations in the velocity–vorticity form for small Reynolds numbers such as Re ¼ 0 and Re ¼ 1. The
numerical results show that DRBEM gives accurate result even with a coarse mesh in a square cavity. Young
et al. [2] obtained the numerical solutions of Stokes flow in square and circular cavities by using DRBEM based
on compactly supported, positive-definite radial basis function. In [3], the meshless BEM is adopted to three-
dimensional Stokes flow problems in different types of channels and it is depicted that this method is feasible for
the extension of Navier–Stokes flow problems. Smyrlis et al. [4] applied the method of fundamental solution to
solve the biharmonic form of Stokes equations in a circular cavity. Stream function and vorticity contours of
Stokes flow in two-dimensional lid-driven square and circular cavities and three-dimensional cubic cavity are
depicted with the application of multiquadratic (MQ) method in [5]. Bustamante et al. [6] compared the numerical
solutions of Stokes flow in square cavity and backward-facing step channel which is obtained by the method of
approximate particular solution (MAPS) with the results in the literature. The slip condition is added to Stokes
flow problem in a lid-driven cavity by Wang [7]. It is obtained that singularity at the corner of the cavity due to
no-slip condition is eliminated by slip for both longitudinal and transverse flows.
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MHD is a field of fluid mechanics concerned with the behavior of electrically conductive fluids under the
influence of magnetic fields. Its practical applications are nuclear fusion, MHD pumps and generators. Yosinobu
et al. [8] analyzed the impacts of the uniform magnetic field on Stokes flow in a cylindrical channel. Gürbüz et al.
[9] applied the radial basis function (RBF) to MHD Stokes flow in a lid-driven cavity and a backward-facing step
channel. It is shown that an increase in Hartmann number causes the boundary layer formation in a lid-driven
cavity. The effect of the orientation of magnetic field on highly viscous fluid in an L-shaped cavity is studied by
Celik et al. [10]. Streamline topologies are analyzed for the variations of strength and the orientation of the
magnetic field. In [11], perturbation analysis is applied to MHD Stokes flow in a corrugated curve channel. It is
obtained that the impact of the corrugation on the flow rate decreases as the Hartmann number increases. Rathi
et al. [12] implemented the stabilized finite element method (FEM) to MHD Stokes flow equations.

In recent years, the machine learning approaches of fluid problems in different geometries are studied by many
researchers. Baymani et al. [13] developed the artificial neural network (ANN) model to forecast the solution of
Navier–Stokes equations. The ANN model of streamlines is compared with both numerical result obtained by
finite volume method and analytical solution. In [14], two-dimensional incompressible flow in rectangular cavity
is modeled by NN based on the RBF. Ranade et al. [15] applied DiscretizationNet which is a machine learning
solver to Navier–Stokes equations for different cases. Stream function contours are depicted for small Reynolds
numbers in the case of flow past a cylinder, but Reynolds number is taken up to 5000 in the lid-driven cavity
problem. Multilayer perceptron (MLP) neural network is generated for the prediction of velocity components and
stream function of flow in a lid-driven cavity by Jiang et al. [16]. The rectified linear unit, hyperbolic tangent,
sigmoid functions and Gaussian RBF are taken as activate function in the MLP process. In [17, 18], physics-
informed neural network is implemented for the prediction of solution of Navier–Stokes equation. Xiao et al. [19]
applied the RBF differential quadrature-based physics-informed neural network (RBFDQ-PINN) to flow prob-
lems in different channels. They showed that the proposed method gives an efficient and accurate result.

The convective heat transfer coefficient of nanofluids in a circular tube is modeled by ANN in [20]. The
proposed model is compared with different ANN types using experimental data. Rostamian et al. [21] proposed
ANN model and correlation of the thermal conductivity (TC) of CuO-SWCNTs/EG water. They deduced that
ANN model gives more accurate results than the correlation. The effect of number of neurons in hidden layer on

Table 1 A list for
abbreviations

Abbreviation Definition

ANN Artificial neural networks

NN Neural network

MAPS Method of approximate particular solution

MARS Multivariate adaptive regression splines

MHD Magneto hydro dynamic

MLP Multilayer perceptron

MQ Multiquadric

PINN Physics informed neural network

RBF Radial basis function

DRBEM Dual reciprocity boundary element method

FEM Finite element method

TC Thermal conductivity

TNN Trilayer neural network

SSE Sum of squared error

MSE Mean-squared error

R-Sq R-squared error

LN Layer number

LSz Layer size

O Output
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the ANN prediction for TC of hybrid nanofluids is analyzed by Vafaei et al. [22]. Rabbi et al. [23] implemented
both Galerkin residual method and ANN approach to MHD flow cavity with heater sink for nanomaterial. In the
ANN model, Rayleigh and Hartmann numbers and nanomaterial concentration are used to predict Nusselt and
Bejan numbers, and the estimated results are compared with the numerical results. Selimefendigil et al. [24]
conducted a study on ANN model for the estimation of complete phase change time as a function of input
variables including magnetic field strength in each domains and solid volume fraction. In [25], the average
Nusselt number of hybrid nanoliquid in an inclined cavity including heated elliptical cylinder and conducting
rectangular fins subjected to magnetic field is modeled in terms of physical parameters with the use of numerical
results obtained by Galerkin finite element method. Pekmen Geridonmez et al. [26] investigated the machine
learning technique in nanofluid natural convection flow in a wavy cavity. The average Nusselt number, stream
function and temperature values are predicted by TNN and multivariate adaptive regression splines (MARS). It is
found that the MARS model gives less accurate results compared with TNN prediction.

In MHD Stokes flow problems, the effects of varying Hartmann numbers and magnetic field orientations have
been studied extensively by using traditional numerical approaches (DRBEM, FEM, etc.). These numerical
methods demonstrate high accuracy but often depend on computationally expensive mesh generation. However,
the implementation of MAPS is straightforward.

Moreover, studies utilizing ANN have demonstrated efficiency in predicting fluid behavior. Yet, no ANN-
based model has been specifically developed for predicting the characteristics of Stokes flow under uniform
magnetic fields. This gap indicates an untapped opportunity for utilizing machine learning approaches to reduce
computational cost and improve prediction accuracy for Stokes flow dynamics influenced by magnetic fields.

According to the literature survey, ANN model for Stokes flow under the uniform magnetic field has not been
studied yet. In this study, the main novelty is that NN and curve fitting approaches are firstly developed to predict
Stokes flow characteristics depending on the input variables Hartmann number and the inclination angle of the
magnetic field. The data are collected from the MAPS solutions of the non-dimensional MHD equations for
various input parameters. The modeling allows us to be independent from the repeated numerical calculations. In
other words, system may be monitored by entering the desired parameters into the model promptly.

In the following parts of the paper, the physical and mathematical equations of the considered problem are
presented in Sect. 2, the numerical and statistical approaches are briefly stated in Sect. 3, and results and
discussion are described in Sect. 4.

2 Problem formulation

The two-dimensional, steady flow of an incompressible, electrically conducting and highly viscous fluid is
considered in a square cavity with moving top lid. A uniform magnetic field is applied at an inclination angle
a with respect to the positive x-axis. The problem configuration is shown in Fig. 1.

The steady and the two-dimensional MHD flow equations are obtained from the conservation of mass and
momentum laws with the combination of Maxwell equations. MHD equations [8, 9] in terms of velocity field
u ¼ ðu; vÞ and pressure p are

r � u ¼ 0; ð1Þ

qmr2u ¼ qðu � rÞuþrp� rl2ðu�HÞ �H; ð2Þ

where H is the applied magnetic field, q is the density, m is the kinematic viscosity, r is the electric conductivity
and l is the magnetic permeability of the fluid.

To obtain the non-dimensional MHD equations, the non-dimensional parameters [8, 9] are given as
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ðx; yÞ ! ðxl; ylÞ; u ! Uu; H ! H0H; p ! pqm U=l; ð3Þ

where l is the characteristic length, U is the characteristic velocity and H0 is the magnitude of the externally
applied magnetic field. The non-dimensional MHD equations [8–10] are written as

ou

ox
þ ov

oy
¼ 0; ð4Þ

r2u ¼ Re u
ou

ox
þ v

ou

oy

� �
þ op

ox
�M2 �usin2aþ v sin a cos a

� �
; ð5Þ

r2v ¼ Re u
ov

ox
þ v

ov

oy

� �
þ op

oy
�M2 �vcos2aþ u sin a cos a

� �
; ð6Þ

where the non-dimensional parameters [8, 9] are the Reynolds (Re) and Hartmann numbers (M) which are defined
by

Re ¼ lU

m
; M ¼ llH0

ffiffiffiffiffi
r
qm

r
; ð7Þ

respectively.
MHD Eqs. (4)–(6) can be expressed in the form of stream function ðwÞ, vorticity ðxÞ and velocity components

(u, v) [8–10] as follows

r2w ¼ �x; ð8Þ

r2x ¼ Re u
ox
ox

þ v
ox
oy

� �
þM2 ov

oy
� ou

ox

� �
sin a cos aþM2 � ou

oy
sin2aþ ov

ox
cos2a

� �
: ð9Þ

Fig. 1 Problem
configuration
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The stream function equation (8) is derived from the vorticity definition x ¼ ov
ox � ou

oy

� �
by using the definition of

stream function u ¼ ow
oy ; v ¼ � ow

ox

� �
. The vorticity Eq. (9) is obtained by taking the partial derivatives of

Eqs. (5) and (6) with respect to y and x, respectively, and subtracting from each other.
The application of the Stokes approximation (Re\\1) gives the MHD Stokes flow equations [8–10] as

r2w ¼ �x; ð10Þ

r2x ¼ M2 � ou

oy
sin2aþ ov

ox
cos2a

� �
þM2 ov

oy
� ou

ox

� �
sin a cos a: ð11Þ

The boundary conditions of velocity components and the stream function are depicted in Fig. 1, but the vorticity
boundary conditions are obtained from the vorticity definition.

3 Numerical and statistical approaches

In this section, the method of approximate particular solution (MAPS) and the statistical approaches are briefly
explained.

3.1 Numerical method

The method of approximate particular solution (MAPS) is applied to solve MHD Eqs. (10)–(11). In MAPS
[27, 28], the inhomogeneity term d1 and the approximate solution u of Poisson equation r2u ¼ d1 are
approximated by the RBFs gi and hi as

d1ðx; yÞ ¼
XNT
i¼1

aigiðrÞ; ðx; yÞ 2 X; ð12Þ

uðx; yÞ ¼
XNT
i¼1

aihiðrÞ; ð13Þ

where NT is the total number of nodes in the domain X, ai is the unknown coefficient, hi is obtained from

r2hiðrÞ ¼ giðrÞ and r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� xiÞ2 þ ðy� yiÞ2

q
.

Since u is satisfied by the boundary condition Bcu ¼ d2, we get

XNT
i¼1

aiBchiðrÞ ¼ d2ðx; yÞ; ðx; yÞ 2 oX: ð14Þ

Discretization of the boundary oX with NB points and the domain X with ND points give

XNT
i¼1

aiBchiðrjÞ ¼ d2ðxj; yjÞ; 1� j�NB; ð15Þ
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XNT
i¼1

aigiðrkÞ ¼ d1ðxk; ykÞ; 1þ NB� k�NT ¼ NBþ ND: ð16Þ

The unknown coefficients ai are derived from the system

Aa ¼ d; ð17Þ

where

A ¼ BchjðriÞ; 1� i�NB; 1� j�NT
gjðriÞ; NBþ 1� i�NT ; 1� j�NT;

	
,

d ¼ d2ðxi; yiÞ; 1� i�NB;
d1ðxi; yiÞ NBþ 1� i�NT;

	
,

a ¼ a1 . . . aNT½ �TNT�1:

The approximate solution for u is obtained by u ¼ C½A�1d� where Cij ¼ hij, 1� i; j�NT .
MHD Stokes equations are solved iteratively. The iterative procedure may be written as

1. Solve the stream function equation

wlþ1 ¼ CA�1dl; ð18Þ

where dl ¼ ½ 0
NB�1

�wl

ND�1
�, and l shows the iteration level.

2. Compute the velocity components

ulþ1 ¼ DyD
�1wlþ1; ð19Þ

vlþ1 ¼ �DxD
�1wlþ1; ð20Þ

where Dx and Dy are differentiation matrices which are obtained by the distance matrix D built by using RBF,
gðrÞ ¼ 1þ r.

3. Evaluate vorticity boundary condition

xlþ1
bc ¼ DxD

�1vlþ1 � DyD
�1ulþ1: ð21Þ

4. Solve vorticity equation

xlþ1 ¼ CA�1dl; ð22Þ

where dl2 ¼ wlþ1
bc and

dl1 ¼ M2ð� sin2 aDyD
�1ulþ1 þ cos2 aDxD

�1vlþ1Þ þM2 sin a cos aðDyD
�1vlþ1 � DxD

�1ulþ1Þ: ð23Þ

5. The iteration continues until the preassigned tolerance e ¼ 10�5 is reached between two successive iterations
such that
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jjxlþ1 � xljj1
jjxlþ1jj1

\e or
jjwlþ1 � wljj1

jjwlþ1jj1
\e: ð24Þ

3.2 Curve fitting

The collected or the saved data are considered as a whole in curve fitting. The crucial point is to find a function
fitting to the data as best as possible. In the case of one input, a line or curve, and in the case of two inputs, a
surface is fitted. Mathematically, a brief notation for the latter one may be written as

z ¼ f ðx; yÞ; ð25Þ

where x, y are inputs, independent variables, z is output, dependent variable, and f is the fitting function.

3.3 Neural networks (NN)

An example configuration in view of feedforward trilayer neural network (TNN) is shown in Fig. 2. The first and
the last layers are input and output layers, respectively. The hidden layers lie between the input and the output
layers. The flow of information is unidirectional from the left to the right. On the configuration, x1 and x2 are our
input features M and a, and zo1 denotes one of the output. In the current study, feedforward NN is conducted [29].

The weight matrix W and the bias vector b are two main elements in mathematical expression of this process.
Both are attained randomly firstly and then updated according to an optimization algorithm. An activation
function, chosen as rectified linear unit, f ðxÞ ¼ maxðx; 0Þ, carries the information from one neuron to another
between layers. Simply, this process may be expressed as

~znþ1 ¼ f ðWn~zn þ bnÞ; ð26Þ

where ~zn is the data in nth layer.
The NN process implemented by ‘‘fitrnet‘‘ in MATLAB may be written in the following steps

a) The data are firstly divided into train and test sets. The train data are standardized with mean zero and
standard deviation 1. The test data for checking model quality are also standardized by ‘‘predict’’ syntax in
MATLAB.

b) The train data are trained by feedforward NN process between forward and backward pass steps. For each
inputs, the weights and the biases are assigned in layers starting from random initialization. These weights
and biases are updated according to optimization based on Broyden–Fletcher–Goldfarb–Shanno (BFGS)

Fig. 2 An example config-
uration of the TNN process
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quasi-Newton algorithm in which the loss function (the mean-squared error) is minimized using gradient
information.

c) Iterations held up to the maximum number of updates the optimizer can perform.
d) The linear combination of weights with the input features plus the bias is connected by the activation

function ReLU to the next layer.
e) The layer size in any hidden layer corresponds to the number of neurons used in that layer. The number of

layers determines the type of NN such as bilayer (having two hidden layers) or trilayer (having three hidden
layers)

4 Results and discussion

4.1 Validation and grid independency of numerical approach

In this part, the reliability of the performed numerical method is shown.
A benchmark problem of the Stokes flow is solved by MAPS, and the results are compared in Fig. 3.

Centerline velocities of the cavity obtained by M ¼ 0 are compared with the DRBEM solution of Eldho et al. [1].
It is shown that the results obtained by the proposed method are in good agreement with the benchmark results.

In Table 2, the grid independency analysis of the proposed method is illustrated for different values ofM and a.
According to this table, when the rowwise differences between 21� 21; 31� 31; 41� 41; 51� 51 are checked
successively, the differences between 41� 41 and 51� 51 are found smaller comparing to the other ones.
Therefore, 41� 41 uniform grid points are used in the rest of the calculations.

4.2 Data collection

4.2.1 Dataset 1

In this case, velocity indicators as outputs are considered as jwjmax; jvjmax; umin; jxjmax values.
In different combinations of Hartmann number and the angle of the inclined magnetic field, the numerical

results for the chosen velocity indicators are computed by parallel computing. The variation of inputs is con-
sidered as

Fig. 3 Comparison of cen-
terline velocities
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M ¼ i; i ¼ 1; . . .; 120; ð27aÞ

a ¼ k

12
; k ¼ 0; . . .; 12; ð27bÞ

where the angle is stored with values scaled by p. By this combination, 1560� 6 size of data is obtained in
which the first and the second columns are the input columns involving M and a values, and the following four
columns are the output columns involving the computed jwjmax; jvjmax; umin; jxjmax values.

4.2.2 Dataset 2

In this set, outputs are contemplated as w; v; u and x. The inputs areM, a, x, y. That is, the data for w; v; u and x
are collected in the entire region. The data in the previous dataset 1 of size 1560 are multiplied in this case by the
total number of nodes inside the cavity which was fixed at 1681. Thus, a big dataset (2622360) is obtained.

4.3 Goodness of fit metrics

In this study, the goodness of fit is checked by the sum of squared error (SSE), the mean-squared error (MSE) and
the R-squared (R-Sq) error. These have the following definitions [30]

SSE ¼
XNd

i¼1

ðyi � ŷiÞ2; ð28aÞ

MSE ¼ SSE

Nd
; ð28bÞ

R-Sq ¼ 1� SSE

SST
; ð28cÞ

where SST is the total sum of squares (computed as
XNd

i¼1
ðyi � �yÞ2 in which �y is the mean of the data), Nd is the

size of the data, yi is the actual data and ŷi is the predicted data. The difference yi � ŷi is called as residual.
The SSE and the MSE values approaching to zero and R-Sq value approaching to one depict the good fit in the

models.

4.4 Curve fitting in dataset 1

Firstly, consider the case of a fixed angle a ¼ 0. In this case, the only input feature is the Hartmann number, M,
and the size of the data is 120� 1 which is the size of the vector in Eq. (27a). The different fit functions are

Table 2 Grid independency
by checking jwjmax in dif-
ferent M and a values

M, a 21� 21 31� 31 41� 41 51� 51

0, 0 0.09284 0.09536 0.09628 0.09698

50, 0 0.02862 0.03265 0.03463 0.03574

50; p=4 0.00886 0.00524 0.01143 0.01484

100, 0 0.01623 0.02108 0.02308 0.02418
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controlled in Table 3. In this table, ‘O’ denotes the output. It is noted that the exponential and the third-order
polynomial (poly3) fit the data better than the power fit.

In this table, the obtained fit functions depending only on M for jwjmax at a fixed angle 0 are found as

power : f ðMÞ ¼ �0:3255M0:05163 þ 0:4348; ð29aÞ

exponential : f ðMÞ ¼ 0:0584e�0:0629M þ 0:0442e�0:0065M; ð29bÞ

poly3 : f ðMÞ ¼ 0:0945� 0:0023M þ 2.8e-5M2 � 1.14e-7M3: ð29cÞ

If two inputs are considered as M and a, then the fitting will be a surface. For this case, some fit metric results
are tabulated in Table 4. In this table, poly33 is cubic polynomial fit in two variables, poly55 is the fifth-order
polynomial fit in two variables, and lowess and loess are the locally weighted linear and the quadratic regression
approaches, respectively. Standardization (mean 0, standard deviation 1) is done in all except poly33 (due to the

Table 3 Curve fitting for a
fixed angle a ¼ 0. O = f(M)

O Fit SSE MSE R-Sq

jwjmax Power 6.5e�4 5.4e�6 0.9842

Exponential 2.2e�5 1.9e�7 0.9995

Poly3 3.6e�4 3.0e�6 0.9912

jvjmax Power 6.8e�4 5.4e�6 0.9976

Exponential 4.0e�4 3.3e�6 0.9986

Poly3 0.0014 1.2e�5 0.9950

umin Power 4.5e�4 3.7e�6 0.9271

Exponential 1.7e�4 1.4e�6 0.9727

Poly3 1.4e�4 1.2e�6 0.9772

jxjmax Power 0.43 0.0036 0.9948

Exponential 0.26 0.0022 0.9968

Poly3 0.23 0.0019 0.9973

Table 4 Curve fitting with
two variables M, a. O =
f(M, a)

O Fit SSE MSE R-Sq

jwjmax Poly33 0.0397 2.5e�5 0.9541

Poly55 0.0066 4.2e�6 0.9924

Lowess 0.0070 4.5e�6 0.9919

Loess 8.2e�4 5.3e�7 0.9991

jvjmax Poly33 2.5990 0.0017 0.7938

Poly55 0.7679 4.9e�4 0.9391

Lowess 0.2560 1.6e�4 0.9797

Loess 0.0439 2.8e�5 0.9965

umin Poly33 4.2014 0.0026 0.4714

Poly55 0.7623 4.9e�4 0.9041

Lowess 0.505 3.2e�4 0.9365

Loess 0.0887 5.7e�5 0.9888

jxjmax Poly33 1595.7 1.0229 0.9630

Poly55 280.6 0.1799 0.9935

Lowess 229.8 0.1473 0.9947

Loess 16.43 0.0105 0.9996
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absence and the presence of normalization also gives the same result in poly33). The locally weighted quadratic
regression approach captures the best metric results since MSE and R-Sq approach to 0 and 1, respectively.

Figure 4 shows the loess fitting on jwjmax. The black dots are our data and the surface covering the dots is the
fitted surface. The good match between the surface and the dots confirms the good fit. In other words, our data
almost lie on the fitted surface pointing to the perfect pair.

4.5 NN modeling in dataset 1

The dataset 1 of size 1560 is partitioned into train and test sets. The size of different partitions and the implied size
of the train and the test data may be denoted as follows

Fig. 4 Curve fitting with
loess for indicator jwjmax

Table 5 NN modeling in
case of 80:20 divided data-
set 1

LN LSz O SSE MSE R-Sq

1 100 jwjmax 0.0024 7.8e�6 0.9856

jvjmax 0.0259 8.29e�5 0.9899

umin 0.0207 6.63e�5 0.9865

jwjmax 1.8128 0.0058 0.9998

2 100 jwjmax 0.0067 2.16e�5 0.9602

100 jvjmax 0.0097 3.09e�5 0.9962

umin 0.0074 2.38e�5 0.9950

jwjmax 0.7454 0.0024 0.9999

3 100 jwjmax 0.0046 1.48e�5 0.9735

100 jvjmax 0.0162 5.19e�5 0.9937

100 umin 0.0179 5.75e�5 0.9881

jwjmax 0.6851 0.0022 0.9999
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80 : 20 ð80%train : 20%testÞ ) 1248 : 312

70 : 30 ð70%train : 30%testÞ ) 1092 : 468

60 : 40 ð60%train : 40%testÞ ) 936 : 624

50 : 50 ð50%train : 50%testÞ ) 780 : 780

The train is modeled by NN, and then the model is tested on the test data.

Fig. 5 TNN modeling in
80:20 partitioned dataset 1
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In Table 5, abbreviations LN, LSz and O correspond to Layer Numbers, Layer Size and Output, respectively.
In case of the 80:20 data partition, the more the number of hidden layers exists, the less error is obtained. Figure 5
also displays high goodness of fit in the case of NN with three hidden layers of size 100 and 80:20 partitioned
data. Here, figures in the first column show the good prediction in each indicator by the black dots lying closely
around the perfect prediction line. The residual dots around zero residual also approve the good fit where the
residuals at most lie between �0.2 to 0.4.

The different divided data cases are also examined in Table 6. Layer sizes are kept the same as in Table 5. It is
noted that if the train data size is decreased (so, the test data size is increased), SSE in all parameters rises.
Because, the learning in training process becomes difficult by using less data. As LN rises, both bilayer and
trilayer NNs give satisfying metric results in Table 6.

Table 7 analyzes the prediction capability of the loess fit on the same test data used in trilayer NN. That is, the
loess fits the train data firstly, and then the fit predicts the results on the test data. It is noted that the first two
output metric results of loess in Table 7 are better than trilayer NN in Tables 5 and 6 in both cases of partition of
data. On the other hand, jxjmax modeling metric results in TNN are better than loess.

4.6 NN modeling in dataset 2

Firstly, note that there are four input features in this dataset. A subset of this dataset corresponding to 441 number
of size of grid points is taken. Because these nodes are mid-grid points in 1681 number of uniform grid points in
the domain, it is worth to mention that it is observed that the NN model predicts the points around these points
easily.

Table 6 NN modeling in
different sized train and test
data of dataset 1

LN O 70:30 60:40 50:50

SSE MSE R-Sq SSE MSE R-Sq SSE MSE R-Sq

1 jwjmax 0.0030 6.4e�6 0.9887 0.0036 5.8e�6 0.9890 0.0047 6e-6 0.9894

jvjmax 0.0272 5.8e�5 0.9932 0.0402 6.4e�5 0.9918 0.0566 7.3e�5 0.9912

umin 0.0222 4.8e�5 0.9906 0.0321 5.1e�5 0.9903 0.0548 7e-5 0.9861

jwjmax 2.9935 0.0064 0.9998 2.8879 0.0046 0.9998 4.885 0.0063 0.9998

2 jwjmax 0.0086 1.8e�5 0.9640 0.0162 2.6e�5 0.9567 0.0215 2.8e�5 0.9476

jvjmax 0.0168 3.6e�5 0.9954 0.0250 4e-5 0.995 0.0412 5.3-05 0.9932

umin 0.0123 2.7e�05 0.9944 0.0213 3.4e�5 0.9932 0.0289 3.7e�5 0.9926

jwjmax 1.122 0.0024 0.9999 1.9673 0.0032 0.9999 2.2406 0.0029 0.9999

3 jwjmax 0.0164 3.5e�5 0.9333 0.0137 2.2e�5 0.9659 0.0511 6.6e�5 0.8843

jvjmax 0.0165 3.5e�5 0.9956 0.0243 3.9e�5 0.9955 0.0458 5.9e�5 0.9926

umin 0.0236 5.1e�5 0.9899 0.0350 5.6e�5 0.9888 0.0459 5.884e�5 0.9885

jwjmax 1.027 0.0022 0.9999 1.293 0.0021 0.9999 2.175 0.0028 0.9999

Table 7 Curve fitting
(loess) metric results on the
same test data used in NN

O 80:20 70:30

SSE MSE R-Sq SSE MSE R-Sq

jwjmax 2.2e�4 7.3e�7 0.9987 2.7e�4 5.8e�7 0.9988

jvjmax 0.0115 3.7e�5 0.9955 0.0148 3.2e�5 0.9960

umin 0.0247 7.9e�5 0.9836 0.0313 6.7e�5 0.9867

jwjmax 4.161 0.0133 0.9995 4.821 0.0103 0.9996
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Fig. 6 TNN modeling of
the big data (dataset 2)

Table 8 TNN metric results
of the large data (dataset 2)

O SSE MSE R-Sq

w 1.571 1.14e�5 0.9173

v 24.67 1.8e�4 0.8944

u 57.24 4.2e�4 0.9862

x 84166 0.6117 0.9734
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So, the obtained smaller data of size 687,960 are used in TNN modeling. The train and the test data division is
utilized as 80:20. Layer sizes are fixed at 50 since the time for training process with such a large data is longer
than the previous ones.

The model results in Fig. 6 and metric results on the test data in Table 8 demonstrate the behavior and quality
of the fit. It is noted that modeling captures the whole data behavior in difficulty comparing to smaller data
modeling. Not only the predicted black dots are a little bit far from the perfect prediction line, but also the
residuals are larger than the smaller data modeling in Fig. 5. In x, outliers are realized but not excluded from the
data in training.

The obtained models are also tested at some specific M and a values considering the 1681 number of grid
points in some out of range data points in Table 9. The mean absolute error between the predicted and the
numerical results is presented. From 121, 0 to 130, 0, it is noted that if the value is farther than the max value of
the in-range, accuracy of the prediction decreases. At a nonzero angle case, the prediction seems in trouble which
may be due to the well-known challenge in derivative approximations in vorticity equation.

5 Conclusion

The current study investigates a predictive modeling approach based on curve fitting and NN for the estimation of
the Stokes flow in the presence of magnetic field for the first time. In this approach, flow characteristics are output
variables as a function of input variables, Hartmann number and the inclination angle of magnetic field. The
datasets are obtained from the application of MAPS to the MHD Stokes equations for different values of
dimensionless physical parameters (1�M� 120 and 0� a� p). The SSE, MSE and R-Sq metric results of
velocity indicators are computed in different fits and in different layer size and numbers in NN. Not only the
specific velocity indicators corresponding to any combined parameters (dataset 1), but also the predictions at any
desired flow parameters in the entire region as big data (dataset 2) are processed in TNN. On dataset 1, both curve
fitting and NN capture the good fit. In case of curve fitting, ‘loess’ outperforms the other fitting functions as well
as NN comparing with the predicted results on the same test data. The limitations of curve fitting in large data,
dataset 2, come from the number of input features firstly. In the current study, in multivariate case of dataset 2,
TNN is employed, and the computational time of the modeling is increasing.

The scientific contribution is that the designed NN modeling for getting some velocity indicators immediately
instead of many numerical calculations is proposed. In other words, modeling approach on a specific problem
allows one to check the process in the considered system immediately by setting the desired parameters into the
created models. The independence from the repeated numerical calculations saves the time and the cost.
Therefore, the results obtained in the NN model could be used in the design of MHD-based microfluidic devices
such as micro-pumps and micro-coolers efficiently. In future, this study may be extended for predictions of the
velocities in case of nonzero Reynolds numbers.
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Table 9 Mean absolute
errors in case of out of
range data

M, a w v u x

121, 0 0.0014 0.0055 0.0138 0.4541

125, 0 0.0016 0.0065 0.0161 0.5703

130, 0 0.0018 0.0084 0.0194 0.6667

125, p=9 0.0058 0.0146 0.0256 1.2819
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